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SURJECTIVE STABILITY IN DIMENSION 0
FOR K, AND RELATED FUNCTORS
BY

MICHAEL R. STEIN

ABSTRACT. This paper continues the investigation of generators and rela-
tions for Chevalley groups over commutative rings initiated in [14]. The main
result is that if 4 is a semilocal ring generated by its units, the groups L(®, 4)
of [14] are generated by the values of certain cocycles on A* x A*. From this
follows a surjective stability theorem for the groups L(®, 4), as well as the
result that L(®, A) is the Schur multiplier of the elementary subgroup of the
points in A of the universal Chevalley-Demazure group scheme with root sys-
tem ®, if ® has large enough rank. These results are proved via a Bruhat-type
decomposition for a suitably defined relative group associated to a radical ideal.
These theorems generalize to semilocal rings results of Steinberg for Chevalley
groups over fields, and they give an effective tool for computing Milnor’s groups

KZ(A) when 4 is semilocal.

Let ‘Dl be a reduced irreducible root system of rank / and A a commutative

ring with 1. There is an exact sequence
M) 1 = L(®, A) — St(@, A) =E@,4) —1

where St(®, 4) is the Steinberg group [14, (3.7)) and E(®, A) is the elementary
subgroup of the points in A of the universal Chevalley-Demazure group scheme
with root system @, (14, 3.3)]. If ® is a second such root system, containing
CDI as a subsystem generated by a connected subgraph of the Dynkin diagram of

® . there are induced homomorphisms O(/, m): L(®,, A) — L(®_, A), and Steinberg
[17] has shown these are surjective for all m > 1> 1 when A is a field. In this
paper I will prove that this is true for any semilocal ring A with at most one resi-
due field isomorphic to I,. I will also show, in this case, that the groups L(®, A)
are generated by the values of certain cocycles on .A* x A* and that (1) is a cen-
tral extension (and not just stably central; cf. (14, (5.1)]), theorems again due to

Steinberg [17] when A is a field. These results were announced in [13].
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In general one conjectures that (I, m) is surjective for all m > 1> d,
where d is a fixed positive integer related to the dimension of the maximal
ideal space of Aj; the theorem proved here may thus be thought of as the dimension
0 case of a surjective stability theorem for L(®, ). If ®, belongs to one of the
infinite families Al’ B, Cl’ Dl’ one deduces, under the same hypotheses, the sur-
jectivity of
0(l, ): L(®,, A) —L(P, A) = lim, _  L(®,, A).

This reveals one motivation of the present research, since L(A_, ) is Milnor’s
algebraic K, functor [ol.

The paper proceeds as follows. Let ¢C A be an ideal, and write (1 + q)*
for the units congruent to 1 modulo 4¢. In §1 1 define pairings (‘‘relative Steinberg
symbols’’)

A%+ 9" =L@, 9

and recall some of their properties. In S21 prove, when qCrad A, a normal form
for the relative group St(®, q) analogous to the Bruhat decomposition of the
Chevalley groups over fields [17, 7.6]. This implies that the groups L(®,, q) are
generated by the relative symbols of $1, and, therefore, that L_(q)l, q) — L((I)m, q)
is surjective for all m > [ > 1. Combining this with Steinberg’s theorem for fields
yields the above-mentioned results for semilocal rings. In addition the theorems
of this section allow one to deduce a presentation for E(®, A) of such a semilocal
ring.

In $3 I compute L(CDI, A) for various local rings, using the results of $31 and

2. InS41 apply these results to the problem of surjective stability for the maps
H,(SL,(A), Z) —~H,(E(®,, A), Z).

The reader primarily interested in K, should note the following. Milnor’s
groups E_,(4), St _,(A) are the groups E(4 , A), St(A _, A) of this paper (n >
2), and K,(A) = L(4_, A). The symbols { , |, are always bilinear in this case.
A positive root @ € A_ is to be identified with a pair (i, 1<i<j<n+l;-a
then corresponds to (ji).

Milnor’s K, theory exists for noncommutative rings as well, and most of the
results of §2 remain true in this case, provided certain elements in A* lie in [A%,
A*], 1 have omitted a discussion of these points since the surjective stability
theorem for K, of noncommutative semilocal rings has recently been obtained by
Dennis [3], based on work of Silvester [12].

When A = K is a field, Matsumoto [8] has shown that the maps 6(/, m) are
injective as well. This injective stability theorem remains true for radical ideals
in the semilocal rings considered here, and will be the subject of a subsequent

paper [15].
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Notation and terminology. The definitions, notations and terminology regard-
ing root systems, Chevalley groups, Steinberg groups and their subgroups and
relations are to be found in [14, §3). However in this paper we always assume that
the Chevalley-Demazure group schemes in question are universal [14, 3.3)]. If
®,C®_ are reduced irreducible root systems, we say they are of the same type
if they satisfy

(a) @, is generated by a connected subgraph of the Dynkin diagram of @ .

(b) If ®_ is symplectic, then ®, is also symplectic and at least one long
root of ®  occurs in ®,.

The inclusions D; C B, violate (a) and the inclusions A, _; CC), I>2, violate
(b).

The reader is reminded that the relative groups used in this paper differ from
those of [9] and [16] (cf. the warnings following [14, (3.13)]). However the results
of this paper do apply to the relative groups of [16], as follows from [16, (1.1),
(2.5) and (2.6)).

All rings are commutative with 1; all homomorphisms preserve 1. If A is a
ring, rad A is its Jacobson radical and A* is its multiplicative group of units. A
pair (A, q) consists of a ring A together with an ideal qC A; if qCrad A we
say (A, q) is a radical pair. We write (1 + ¢)*=(1 + )N A*. If T is a subset
of A, the subring of A generated by T is denoted Z[T].

Let G be a group. For 0,7 € G we write 'o=r0r" !, [r,0]=T0 .0~ 1 =
ror~lg-1,

If H, K are subgroups of G, [H, K] is the subgroup generated by {[b, &l, b € H,
k € K}; in particular the commutator subgroup of G is [G, G]. We write G%® =
G/IG, Gl. If G is finite, |G| is its order.

Finally, Z denotes the rational integers and Fq a finite field with q elements.

1. Relative Steinberg symbols and the subgroup L(®, A) N K(®, q). Recall
(14, (3.12)] thac H(®, q) is the smallest normal subgroup of H(®, A) containing
all b (v), a€®, v € (1 + q)*. H(®, q) is a subgroup of St(®, q) (cf. (2.7)(a)).

Definition. Let a € ®, u, v € A*, and set
(1) {u, u‘az 5Oguv)5a(u)'15a(u)'l.

The subgroup of H(®, A) generated by all {u, wiys fws ul,, where u € A*, w e
(I + 9)* and @ ranges over ® is denoted D(®, q). D(®, q) is a subgroup of
St (D, q) (cf. (2.7Xa)).
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It follows from relation (R8) that for all a, B8 € @,
) {u B u}ﬁ= (5 (), 5B<v)],

Thus if there is an a € ® with (B3, @) = 1, we have {u, "55 e [H(®, 4), H(®, ¢))
C H(®, q). This will be the case except when ® is symplectic and B is long.

The following proposition summarizes various well-known identities satisfied
by {, 1,. Proofs may be found in (8, 5.5-5.7], [10, 3.2, 3.9, Appendix] and [18,
Lemma 39 and Theorem 12].

(1.1) Proposition. Let a €®, u, v, w € A*. Then {u, vigl = {v, u}_a. Writ-
ing {, 1=1, 1, the following identities hold in D(®, A):

(S1) fu, 1} =141, u}=1.

(S2) {u, vduv, w} = {u, vwliv, wi.

(S3) fu, v¥=tu"t, o711

(S4) tu, v}=1{u, — uvl.

(S5) {uy vi=tu, (1 = o} if 1 — u € A%,

(S6) {us v2w} = {u, vu, wh; (2, vw} = {2, vHu?, wh; 1%, vl = {u, v24; {us v}
=Y ub fu = 1 = {u, viu, - v

(S7) If u, v generate a cyclic subgroup of A*, then {u, v}={v, u}.

(S8) If {u, v}=1{v, ul, then {u, 2= 1.
Moreover, if ® is nonsymplectic or if a is short,

(8°2) {u, vwl = {u, vilu, wil

(°3) f{u, v} ={v, u}~ 1.

Remarks. 1. The above identities are not independent. For example, (S1)—
(S4) imply (S6)—(S8), and if ® is nonsymplectic or if @ is short, (S1)(S5)(S°2)
(S°3) imply the others. (Cf. [10, Appendix].)

2. Identity (S5), which is of great importance for computations when A is a
field, is valueless when uz € (1 + q)* (since in that case 1 — u ¢ A* if q# A). A
new identity which can sometimes be used to replace (S5) in such computations
when qCrad A will be proved in (2.8).

(1.2) Definition. A relative Steinberg symbol on the pair (A, q) with values

in an abelian group C is a mapping
A" x1+ 9 —=cC

satisfying (S1)—(S5) of (1.1) and (2.8). When ¢ = A, we call {, } a Steinberg sym-
bol. If (S°2) holds, we call { , } a (relative) bilinear Steinberg symbol. We some-
times abbreviate ‘‘Steinberg symbol’’ to ‘‘symbol.”

In this paper the word symbol will always refer to one of the symbols £,
with values in D(®, q) constructed above.

Let R(®, q) be the subgroup of St(®, q) generated by D(®, q) and all 5, (v),
a€ed, vell+ g
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(1.3) Proposition. (a) D(®, q) is a central subgroup of St(®, A).
(b) H®, q) C KD, q), and

(A, 4), @, IC L, 4) N H(@®, ¢ C L@, 4) NK(©@, §C D@, 9,

with equality if ® is nonsymplectic or if every element of (1 + q)* is a square.
(c) D(®, q) is generated by all {u, v}, u € A*, v €(1 + Q)* for any fixed

long root a. Hence if ®,C® are reduced irreducible root systems of the same

type, the homomorphism D((Dl, q) — D((bm, q) is surjective for all m> 1> 1, in-

cluding m = oo if ® is classical.

Since H(A) is an abelian subgroup of E(®, A) [18, Lemma 28(b)], D(®, q) is
a subgroup of H(®, A) N L(®, A), and the latter group is central in St(®, A) (18,
p. 39, Corollary 1]. This also proves [H(®, A), H®, 1 C L@, A) N H®, q),
since H(®, q) is normal in H(®, A).

If u€A*, ve(l+ g, then

ga(u)gﬁ(v)ga(u)—l — };\B(u(ﬁ, ai/)};\B(u(ﬁ, 0«))—1 _ {u (ﬁ, (l>’ U},BEB(U) € R(Q, q)'

Since D(®, q) is central in St(®, q) by (a), this shows that K(®, q) is a normal
subgroup of H(A) containing all 5_(v); hence H(®, q) C K(®, q). Thus L(®, A)
N H@®, q) C L@, A) N K(@®, q).

Given b € K(®, q), it follows from [17, 7.7] that we may write b= dgl(ul) o
l;l(u[) where d € D(q), gi(ui) = 5a,~(ui)’ a. € A, and u, € (1 + 9)*. Then if

1= 77(};)=b1(u1)---b1(u1)

we must have «, =1 for all i, since E(®, A) is a subgroup of a universal Chevalley
group [18, Corollary to Lemma 28]. Hence Zl.(ul.) =1 forall i; that is, h=d €
D(q) proving the last inclusion of (b).

Now if ® is nonsymplectic, it follows from (2) that D(®, q) C [A(®, 4),
H(®, 9)), and the inclusions in (b) are equalities. If ® is symplectic, we may

assume (B, a) =2 and (2) becomes
3) tw?, vig=1[b @), byl

By (1.1), {u’, vig=lu, v’15; thus it follows from (3) that if every v € (1 + q)* is

a square, again
D(®, 9)C [H(®, 4), A, g

which completes the proof of (b).

For fixed f3, let DB be the subgroup of D(®, q) generated by all {u, vfﬁ,
u€A* v e(l+ q)* Let 0 =0, be an element of the Weyl group of ®. Then
relation (RS) and (a) imply
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tu, vlg=w (1) - fu, vlg . w (- 1)
=4 (1) b gu) b g@) ™ hp@) ! - (= 1)
= by g by g™ by B jn) =" by g (b, o)™
=baﬁ(r]uv)l;oﬁ(7]u)'li;oﬁ(v)'lgaﬁ(u)gaﬁ(n)gaﬁ(nv)'1
={nu, viaﬁ{n, vi;};

for some n =+ 1. This proves DgCD,p and, by symmetry, Dy = D, g Since
the Weyl group acts transitively on roots of the same length, we have shown that
if a and B have the same length, D, = Dg.

Suppose then that 3 is short and choose a long root @ such that (8, a) = 1.
Then by (2)

(4) {u, viﬁ = [l;a(u), gﬁ(v)] = [I;B(v), l;a(u)]’l ={v (a'B>, ul=l

a

which proves D 5 CD,. Since by (1.1)(S6) {v; ul, = {u~!, i, we have shown
D, = D(®, q), proving the first part of (c); the rest of (c) is now an easy corollary.

Remark. In view of (1.3) we will usually write {, } for {, |; in that case it
is to be understood that the symbol in question is taken with respect to a fixed

long root a.
2. The relative Bruhat decomposition for a radical ideal.

(2.1) Lemma. Let a €A.
(a) U@, q) = U@, - tal, q)-Ula, 9).
(=) U= (@, ¢) = 0®_-{-al, 9).0( a, q).
(b) U(®, - tal, q) is normalized by St (A).
(b7) fj((])- —{-al, q) is normalized by St (A).

The set of roots ®, — {a} (resp. ®_ ~{- al is an ideal in the closed sets of
roots ®, and (@, - tal) U {- al (resp. ®_ and (®_ - {- al) U tal). The lemma
thus follows from [18, Lemmas 16, 17, 18, 36].

Definition. Set M(®, q) = U~ (®, QKR(®, q)U(®D, q), a subset of St(P, q)
(cf. (2.7)). Recall from (1.3) that if ® is nonsymplectic or if (1 + @)% = (1 + @)%,
then K(®, q) = A(®, q), and that in any case, K(®, q) is the product of the cen-
tral subgroup D(®, q) with the group generated by all b (1), v € (1 + @)*. Thus
7 (K(®, q)) = H(®, q).

(2.2) Lemma. U~ (®, 9)K(®, QM@®, q) = M, q) = MD, K@D, U@, ).

This follows from relation (RG) which shows that H(®, @), and therefore also
K(®, q), normalizes U~ (®, q) and U(®D, q).
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(2.3) Theorem. (a) The product map

0@, 9) x K@, q) x U@, 9 — St(®, 9
is injective.
(b) L(®, A) N M(®, q) C K@, q).
(c) M(®, q) = St(®, q) implies qCrad A.

Suppose #, ' € U(q), 5, 7' € U=(q) and &, &' € R(q). Then if vka = 'k'7’,

we have

n@'0 V) =mE'd' 2"k ) e UT(A) N UAHA) = {1}

by [18, Lemma 21]. Hence © = ¢, since #|U~(A) is an isomorphism [18, Lemma
36]. Similarly Z = &', and therefore k= £', proving (a).

Now suppose m#kz) =1. Then m(3) = n(2 "'k ~1) € U~(A) n U(A)H(A) = {1}
implies 0 = 1; hence # =1 also, proving (b).

Finally, it is easily checked in SL (2, A) that (% %) € U"'HU implies a €
A*. Moreover, gz’);l(U"HU) CUTHU, where the decomposition on the right is in
SL(2, A) and ¢,: SL (2, A) — E (A) is the homomorphism of [14, (3.6)].

Applying these remarks to ‘

l1+q -9

( € 7 mlx (1)x _ 4(q)x 5 (= 1))
g l-q

for any g € q, we see that M(q) =St(q) implies (1 + q) C A* and therefore, qC

rad A. This proves (c).

The key result of this section is the following partial converse to (2.3)(c):

(2.4) Theorem. Let (A, q) be a radical pair and assume A = L[A*]. Then
St (@, q) = M(®, q).

(2.5) Theorem. Let (A, q) be a radical pair with A = L{A*], and suppose
®, C®_ are reduced irreducible root systems of the same type. Then L((I)m, q)
is generated by all {u, vi,, u € A*, v € (1 + Q)* for any fixed long root a, and
the homomorphisms L((D,, q) — L((I)m, q) are surjective for all m > 1> 1, includ-
ing m=oe if Cl)m is classical.

If, in addition, CDm and A satisfy one of the hypotheses of [14, Theorem 5.3],
St ((Dm, (0, q)) is the universal E(<I)m, A)-covering [14, §2] of E(‘Dm, q).

This theorem is a corollary of (2.3)(b), (2.4) and (1.3).

Note. The hypothesis A = Z[A*] is innocent. It is fulfilled, for example, by
semilocal rings having at most one residue field with 2 elements [14, (4.2)] (in-
particular, by local rings) and by group rings.

The proof of (2.4) will be based on a series of lemmas.
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(2.6) Lemma. Let a€+ A, t €A. Then x,(t) normalizes M(q) if and only if
2 (DU @, Qx (= 1) C M(q).

The “‘only if’’ is clear. For the converse, we assume a € A (the case a € - A

is similar). By (2.1)(a™), we have
M(a) = U®_~{-a},q - U(-a, 9 - K(q) - U(9.

Since x,(¢) normalizes 0(4)_ —{-al, q) by (2.1)(b7) and also normalizes U(q),

it suffices to prove
x,t) - U(=a, 9K(Q) - x (- 1)C M(q)
and, in view of the hypothesis and (2.2), that would follow from
x (1) - K(Q) - x ,(~ 1) C K(q)U(q)
which is true since K(q) C H(A) and H(A) normalizes U/(q) by relation (RG).

(2.7) Proposition. Let u, v € A*, a € ®. The following identities hold in
St ((1)9 A):

{u, v}al;a(v)

x  (=u—1)
® =x_ @ 'a-vl)y. ¢ x (uw = 1) «x w@™! = 1),
x -»u"‘1
" a0 @ - 1)
=x_ ' = Iy vlghy ) xgu - v™ ),
x (~u) -1
() x_ @™ (1 -v)

= x_a(u'l(u'l - INMu, v!a/;a(zr)xa(u(l —v~hH).
Proof. (a)

fu, v!a/;a(v) = l;a(uu)i;a(ll)‘l = uA’a(U")’Z'a(- u)

=w_ (—u” o b (- u)

=x_(-u” lv'l):ca(uv)x__a(— u” 1u'l)u/a(— u)

-1 -1 ~ l;a(u) _1 _1
=x_(—u""v77) s x (w)w (- u) - x_(—u""0v77)

=x_ (- u-lv'l) - x (uv)x (- 14)7:__(1(11-I )% (= u) - xa(uv’l)

s x T =0T x (Y e x (e = D)% Dx ™ = 1)
1

(=u

x )
=x_ @ -0ty 0 X (o = 1)) - x (™ = 1)),

(b) follows immediately from (a).
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(c) In (b) exchange a with — a and u with 11"; then take the inverse of
each side. The identities h_ (1)~ = b (v) and {u~!, T S DNkl S AT

complete the proof.

(2.8) Corollary. Let a € ®, g erad A. Forall u, v, u', v' € A* such that u +
v=u +, the symbol |, V. satisfies the identity

fu, (1 +q92)/(1 + qu)fa v, 1 +qui dl +qv, - (1 +qz)i;l

(Sq) =du', (1 4+ q2)/( + qu')(a 1 qu'illvqu’, -1 +qz)3;]

where z=u+v=u'+v. Morcover if z € A*, both sides of (S9) equal iz, 1 + gzi,.
Since u+ v =1u +1', we must have
N xgl=u)xy(~v) - —u' -v'
a al~-v X-a(q) - x g Z)-"'_a(q) _ Xal=u )xgl-v )X_a(‘])-
We will use (2.7) to put (1) into M(q); (S9) will then follow by comparing the terms
in K( q) which are uniquely determined according to (2.3)(a).
Write w =1 - qv € A*, Then ¢ = M1 - w) and w™! -1 = qrw'l; applying
(2.7)(c) with « = v, v = w yields

2) xg(=v) x_lg) =x_ (qu~ Yo, wialga(w)xa(- qu w= ).

Similarly write v =1 — quw'l w1 - gz) € A*; then qu"I a1 - %), 27
1 = qu(l - qz)'I and we have

3) xa(u)x_a(qw" Iy - x_ (g1 —q2)” h tu, x}al.:q(x x (= (]112(1 ~qz)” h.

Combining (2) and (3), and simplifying using relation (RG) and the definition of

{, 1, gives the identity

x‘a(-u)xa(—y)x-a(q)

(4) .
=x_ (q(1 -qz)_l)gu, xiah', u’iahu, xl(:l ba(l —(]Z)Xa(—(lzz(l “IZ)-I)-

(It should be noted that in deriving (4) we need only the weaker hypotheses «, v, 1 — gv

’

l — qu, 1 — g= « A*; this will be important in (2.9) below.) We perform a similar
x,(=u)x (—v")

calculation for x_(q); the identity follows by comparing the terms

in K(q) (noting that /;_a(l — ¢z) depends only on z) and replacing ¢ by — q.

X(l(z)

Finally if z € A*, we may use (2.7)(c) to compute x_(q) directly; com-

paring K(q) terms, we sce that iz, 1 4 ¢z}, must equal both sides of (S9).

(2.9) Corollary. Let uy v € A%, a€ @ and write p=u-1,q=v-1. Then if
pg=0,11 +q, 1 + p((l = [x- l(q), .\"1([7)].

We will compute the right-hand side using (4) above. Make the substitutions
—u=u~-v=~1,¢4=-gq in (4); then z=—[1,1=qz=1—qp=l,x’l=w=l+q,
and
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X _o(-q)= X_o(~q)=x_ (—q)t—u, x} tx~1 x}71

Therefore

["_ (9), xa(P)] ={-u, x}a{x'l, x};l.
But (1.1) implies

{—u,xiafu_l,x}a=i—l,x1a:{x_l,x*a

and therefore
b_o@) x N =tu™! xl =, wm =™ w2l 4g, 149
which yields the desired result by interchanging @ and — a.
(2.10) Proposition. Let (A, q) be a radical pair. Then M(q) is a normal sub-
group of St(®, Z[A*]).

Let us first show that (2.10) completes the proof of (2.4). The hypotheses of
(2.4) imply that St(®, A) = St(®, Z[A*)); thus by (2.10), M(q) is a normal subgroup
of St(®, A) containing all U(a, q). Therefore St (®, q) C M(q). But M(q) C
St(®, q), whence (2.4).

Now let us prove (2.10). St(®, Z[A*]) is generated by all x,(2), a € + A,

t € A*. By (2.6), the set M(q) is normalized by St(®, Z[A*]) if and only if
*all), (@) € M(q) forall a €+ A, t €A%, g € q. Since q C ZIA*], this follows
from (2.7)(b) and (c).

Now since U~(q) C St(®, Z[A*]), we have

M(QM(a) = MU (K@ U(a)= U™ (9)M(q) K(a) U(q) = M(9)
by (2.2). Therefore M(q), being the monoid generated by 3 groups, is a group.

Remark. In showing M(q) = St (®, q) for a radical pair (A, q), the restriction

A = Z[A*] was needed only in verifying (2.6). In SL (2, A), however, it is easy

to show that

e, (U(-a, Qe (-1)CUT(PH(QUQ);

this is simply the matrix equation

1 ¢\ /1 o><1 -z> (1 0><u o><1 —tzqu'l>
01/\g 1/\o 1 qu=' 1/ \o «~Y \o 1
where u =1+ tqg € A*, since ¢ Crad A. We conclude

(2.11) Corollary. Let (A, q) be a radical pair. Then
E(®, 9) = UT(Q)H(9)U(q).
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(2.12) Lemma. If tk ® > 2, St(®, ) preserves finite products. If tk ® =1,
St(®, A) x St (@, B) = St(®, A x B)/C, where C is the normal subgroup generated by
all [x,((a, 0)), x_ ,((0, &))].

There is always a surjective homomorphism p: St(®, A x B) — St (®, A) x
St(®, B) induced by the projections of A x B onto its factors. Now St(®, A) x
St (®, B) is generated by all (x (a), 1), (1, x,(b)), and we may define a map s
backwards by

(x @), 1) b x ((a, 0)), (1, x (b)) +»x,((0, b)).

To show this defines an inverse isomorphism to p, we must check that the defin-
ing relations of St(®, A) x St (P, B) are preserved by s. These relations are
(i) the defining relations of St(®, A) applied to the generators (x,(a), 1),

(ii) the defining relations of St(®, B) applied to the generators (1, x,(b)),

(iii) [x (@), 1), (1, x 56N = 1 forall a, Bed,acA, b €B.

It is clear that s preserves (i) and (ii). Moreover relation (R2) in St (P, A x B)
shows that s preserves (iii) whenever 8 £ — a. Hence the induced map 5: St (A)
x St (B) — St (A x B)/C is an isomorphism, since p(C) = 1. This completes the
proof when rk ® = 1.

If tk ® > 2, there exist B, y €D, B, y # — a, such that

x_ (0, 6) = [xﬁ((O, 1), x,, (0, b)ly
where y € U(S, (0, B)), for some S C® with — a ¢ S. Hence
[x ((a, 0)), x_ (0, )]
= [x ((a, 0)), [x 50, 1)), x,, (0, bNlyl=1

which proves C =1 and the lemma.

(2.13) Theorem. Let A be a semilocal ring with at most one residue field
isomorphic to F,, and suppose ® C®  are reduced irreducible root systems of
the same type. Then the homomorphisms O(1, m): L(q)l, A) — L(‘Dm, A) are sur-
jective for all m>1>1, including m == if ®  is classical.

If 1>2, L(®, A) is the central subgroup generated by all {u, vl u, v € A%,
for any [ixed long root a. This is also true when | =1, provided either that A
has no residuc field isomorphic to ¥, or that A is a local ring.

If, in addition, CDI and A satisfy one of the hypotheses of (14, Theorem 5.3],
St ((])1, A) is the universal covering of E((D[, A) and L((I)I, A) ~ HZ(E((DI, A), 7).

Write A = A/rad A, a finite product of fields. Steinberg [17] has shown that
L(®, k) = D(®, k) when k is a field. Since E(®, ) preserves finite products, it
follows from (2.12) that L(®, A) = D(®, A) if rk ® > 2, and thac L(®, A) is gen-
erated by D(®, A) and C when tk ® = 1, where C is the normal subgroup generated by all
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[x (€0, -+, &y e e, 0)), x_ (O, - - -, ki, oyl

(the appropriate generalization of the subgroup C of (2.12) when A is a product of
more than 2 factors).

Now suppose rk ® = 1. Then if A is local, L(®, A) = D(®, A) by Steinberg
[17]. If A is semilocal but has no residue field isomorphic to F,, we want to show
C C D(®, A), and it clearly suffices to consider the case A = k x k', a product of
two fields. Then by (2.9),

[x (@, 0)), x_,((0, 6D ={(1 +a, 1), (1,1 +b)}__ € D(®, A)
provided neither @ nor b equals — I. But even if a = -1,

Xa((- 1,0))
[x (-1, 0)), x_,((0, b))] = x_, (€0, b)), x (1, 0))]
=11, 1 +6), (2, D}, eD(®, A)
and a similar argument applies if b =— 1. Hence if — 1 £ 1, C C D(®, A).
Thus our hypotheses imply L(®, A) = D(®,, A); since A* — A* is surjective,
so is D((I)I, A) > L(CDI, A). But our hypotheses also imply (2.5) for q=rad 4;
therefore L((DI, q) = D(@I, q) and the second part of the theorem follows from the

exact sequence
1 -L(®,9—L@,4) — L(d)l, A) —1
together with (1.3).

The first part of the theorem is a consequence of the second and (1.3), and

the last part follows from [14, (5.3)N.

(2.14) Corollary. Let A be a semilocal ring with at most one residue field
isomorphic to F,. If tk ® = 1, assume further that either A is local, or that A has
no residue field isomorphic to F,. Then E(®, A) has a presentation by generators
ea(t), aed,t €A, and relations (R1), (R2) (resp. (R3) if tk ® = 1) and

©)b ()b @) = b (), u,ved* aecd.

The proof is the same as [18, Theorem 8(b)] in view of (2.13).
Note. Theorems related to (2.14) have been proved by Silvester [11], [12], and
Wardlaw [19].

(2.15) Proposition. Let b, q be ideals of A.
(@) If tk ® = 1, assume L(®, q) is central in St(®, A). Then if St(®, q) is
generated by M(q),

[St(®, A), [St(®, 9), St(®, PI] C St(P, b q).
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(b) Suppose tk > 1 and that 2 € A* if ® = C,. If either St(®, q) is generated
by M(q) or St(®, ?) is generated by M(p?), then
[Se(®, 9), Se(®, )} CSe(@, ha).
Suppose M, N are normal subgroups of a group G, and define
(M:N) =1{g €G|[g,N]IC M}

It follows from the commutator formulas of [14, (2.1)] that (M:N) is a normal sub-

group of G. The conclusions of the proposition are thus equivalent to

(a") St(p) C ((St(p q): St(A)): St (q)),

(b") St(h?) C (Se(p q): St(q)).
The groups on the right in (a') and (b') are normal in St (®, A); therefore by [14,
(2.1)] it suffices to prove

(@a") Ula, p) C (St (pq): St (A)): St(q)),

") 0la, p?) C(st(pq): Se(q)
for one root a of each length.

If B#-a,(R2) implies that
) (W@, v, U8, 9ISt (ng.
Suppose rk ® > 1 and that 2 € A* if ® = C,. Then (R2) implies the existence of
B,y € ® such that

O, pyc LU, B, Uy, p1- UGS, p?)

where SC® and a ¢ S. Therefore
©) Wa, P, U(-a, IC LB, p), O, P1- 06, ¥2), - a, $)IC St(bg).

(The last inclusion follows from [14, (2.1)] and (5).)
Finally, K(®, q) is generated by elements of the form {u, U*ﬁi;ﬁ(v)’ u € A*,
v € (1 + 9)*. Therefore since {u, ulﬁ is central, relation (R6) implies

x (), tu, viﬁgﬁ(v)] =[x (), l;B(v)] =x(p'q")
for some p' €, ¢' € q, which implies that
(7) W, 1, R(@)ICSe ().

Clearly (b") is a consequence of (5), (G), (7); this is true under either hypothe-

sis of (b) since (b') is equivalent to

St(q) C (St (hg): St( p?)).
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From (5) and (7) we also conclude that

(0@, ), sl =St - e, p), U(-a, O

It is easily checked, moreover, that in SL(2, A)

W(a, 1), U(-a, I CE (b9

and therefore
W, D), SO CSt(pe) - (LD, q) NSt (A)).

Since L(®, A) NSt (A) is central in St(®, A) (by [14, (5.1)] if rk ® > 1 and by
hypothesis if tk ® = 1), (a) is proved.

(2.16) Corollary. Let (A, q) be a radical pair and assume A = Z[A*]. If b C
A is an ideal such that Hq =0, then [St(®, 1), St (D, )] is central in St(d, A).
Moreover if tk @ > 1 and 2 € A* if ® = C,, then for all i> 2,

[St(®, 1), St@, 9 = [St(@, p), St(®@, q9)] = {14.

(2.17) Corollary. Let (A, q) be as in (2.15) and suppose further that q"+! =
0. Then " =[St (®, q'), St (D, q7)] is central in St(®, A) if i+j>n+1.
If tk®>1 and if 2 €A* if ®=C,, " is trivial when i +j>n+ 2.

3. Some computations for local rings.

(3.1) Proposition. For any pair (A, q), the sequence
1 — L(®, q) = L(®,A) —L(®,A/9)

is exact.

Except for the *‘1’’ on the left, this is just [16, (3.2)]. Exactness at the left
holds because the group L(®, q) used here is the image under the natural homo-
morphism of the group L(®, q) of [16], and is therefore a subgroup of L(®, A).

(3.2) Proposition [17, 3.3). If k is an algebraic extension of a finite [ield,
L(®, &) = 1.

(3.3) Proposition. (a) For every positive integer m not divisible by 4,
L, Z/mZ) =1, provided rk ® > 2.

(b) For every integer n > 2, the groups L(®, 7./2"+17) and L(®, 2/2"1) are
isomorphic and are generated by the symbol {- 1, — 1}, which bas order at most 2
if ® is nonsymplectic.

Proof. (a) Since L(®,) commutes with finite products, the Chinese remainder
theorem implies we may assume m = p™, p a prime; we may further assume n > 1
and p #2 by (3.2). Since Z/p"Z satisfies the hypotheses of (2.13), it follows from
(3.2) and from (3.1) with q = rad(Z/p"Z) = pZ/p™Z that L(®, Z/p"Z) is isomorphic
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to L(®, pZ/p™L) which, according to (2.5), is generated by all {u, v}, u € (Z/p"Z)*,
ve(l +pZ/pmD).

Now (Z/p™2)* is a cyclic group of order (p — 1)p"~ ", isomorphic to the direct
product (Z/pZ)* x (1 + pZ/p"Z). Hence (1.1)(S7), (S8) imply {u, w21 =1 (4, v as
above). Since p is odd, every element of 1 + pZ/p"Z is a square, which proves (a).

(b) Again the hypotheses of (2.13) are satisfied. It follows from (1.1)(S1) that
{~ 1, = 1} is the only possibly nontrivial symbol in L(®, Z/4Z), and if ® is non-

1

symplectic, (1.1)(S°2) implies that the order of this symbol is at most 2. Since
(Z/27412)* — (Z/2"7)* is surjective, we have, by (2.13) and (3.1), an exact

sequence
1 — L(®, 2"2/2"*Z2) — L(®, Z/2"*'Z) —L(®, Z/2"L) —1 -
for all » > 1 and all ®. Thus to complete the proof of (b) it suffices to show
L(®,2"2/2"* L) =1 forn >2.

Let n> 2. According to (2.5), L(®, 27Z/2"*17) is generated by the symbols
{1+ 27, ul, u € (Z/27+1Z)*. Now (Z/2"*1Z)* is the direct product of the group
{+ 1} with the cyclic group of order 2"~ ! generated by the residue class of 5

2n+1

modulo . Moreover, an easy induction argument shows that for all » > 2,

(1) 1+27=5° mod27*l, s=27"2

Now assume 7 > 3. Then 1 + 2" is a square and (1.1)(S6) implies that
L(®, 27Z/27+17) is generated by the two symbols {1 + 2%, — 1}, {1 + 27, 5}; since
f1+27, - 11=1{1+27,1+2"}=1{1 + 27, 51° by (1), this group is generated by the
single symbol {1 + 27, 5}. Again applying (1) and computing in L(®, 7/27+'7),
we have {1 + 27,5} =1{5% 5}=1 by (1.1)(S8).

Now suppose n = 2. Then it follows from (2.5) and (1.1)(S1) and (S4) that
L(®, 4Z/87) is also generated by {5, — 1}. Take g =2, u = vV=-l,d =v=5
in (2.8) to conclude that, in L(®, Z/8Z), 1 = {5, - 1}.

Note. For the functor K, = lim; L(A P ), this proposition was proved by
Milnor [9] using his computation of K,(Z) (cf. [11], [19]) and results of Mennicke,

Bass, Lazard and Serre [1] on the congruence subgroup problem.

(3.4) Proposition. Let A be an artinian ring such that A* is cyclic, and sup-
pose tk ® > 2. Then L(®, A) = 1, except possibly when A has a direct [actor
isomorphic to L/4L.

Eldridge and Fischer [4] have shown that if A is artinian and A* is finitely
generated, then A is finite. Moreover, a finite ring is a finite product of primary
rings Ay,-++, A (rings with a unique prime ideal); if A* is cyclic, A¥ must also

be cyclic for i=1,--+, n with [A*| and IA;"] relatively prime for i # j. Gilmer
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[5] has determined all primary rings with cyclic groups of units; they are

(a) Fq, g a prime power,

(b) Z/p™Z, p an odd prime, m > 1,

(c) Z/4Z,

(d) Fp[x]/(xz), p prime,

(&) FIx1/(x?),

(£) ZIx1/(4, 2X, X? - 2).

Since L(®, ) commutes with finite products, it suffices to compute L(®, A)
when A is one of the rings in (a)—(f) and we may apply (2.13). Propositions 3.2
and 3.3 above settle cases (a)—(c). In (d), (e), (f) we let x denote the residue
class of X in A.

In (d) we use (3.1), with g =rad A =1 + Ax, and (3.2) to conclude that
L(®, A) = L(®, 1 + Ax). If { is a generator of F%, A* is the product of the cy-
clic group ({) of order p — 1 with the cyclic group (1 + x) =1 + Ax of order p.
If p is odd, 1 + x is a square, and L(®, 1 + Ax) is generated by {{, 1 + x}{ and
1 +x,1 +x} according to (2.5) and (1.1)(S6). That these symbols are trivial fol-
lows from (1.1)(S6), (S8).

If p=2in(d),{=1 and L(®, 1 + Ax) is generated by

1 +x, 1+xi={1+x, - +x)l=1
by (S4) of (1.1).
In (e) and (f), A* is cyclic of order 4, generated by 1 + x, and L(®, A) is
generated by {1 + x, 1 + x}. In (e) we have

1 +x, 1 +xb =41 +x, -1 +x)=1,
and in (f)

fl+x, Laxl={1+x, 0 +x)1 =01 rx, -1 +x)=1,
which completes the proof of (3.4).

Our next objective is to generalize Proposition 3.3. Throughout the rest of
this section we will assume A is a local ring whose maximal ideal Y is principal
and generated by p. We further assume that A/Y is a [inite field containing q =
p° elements.

For n >0, the group of units (A/1**1)* is the direct product () x (1 +
W/p™*1), where £ € (A/p™*1)* is of order ¢ — 1 and maps to a generator of (A/}p)*

~ (Fq)*. Since A and A/p™*! are local, they are generated by their units.

(3.5) Lemma. Forall n>0 and 1 <i<n+1, the additive group pi/pn+l
and the multiplicative group 1 + P /P"*Y bave exponent p~ . Hence if p is

odd, every element of 1 + p/Y'*! is a square.

The map a — @p” induces, for all n > 0, an isomorphism of additive groups

A/ pRyt /pnt ]
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where we write @ for the residue class of @ € A modulo p”*!. Since (p7/p7*+1)2
-0,1+p"/p"! ~ p7/p"*! and both, therefore, have exponent p. The lemma

follows by descending induction on i and the exact sequences

0 — }:,i+l/pn+l . pi/pn+l . T-'i/'PiJ'l — 0,
1 — 1+ ]ivi"l/}:!’ﬁl)—'(l ¥ pi/pn+l) —1 + bi/pi+1)—~1.

(3.6) Lemma. Let k be a [inite field. Every element of k is a sum of squares.
Every element of k is a sum of fourth powers if and only if k #F,.

Let k= Fq, g = p", and let d be a positive nonzero integer. The subset S of
k consisting of sums of dth powers is closed under addition, multiplication and
subtraction, since — 1 =p - 1= 14 +...+ 1% Hence S, being a subdomain of a
finite field, is a subfield of %, and § = Fr, r=p™ for some m dividing n. In parti-
cular, p™ —1 divides p” — 1 with quotient c.

Choose an x € k* of order p” — 1. Then x? €S and thus x%?™-1 _ 1, which
implies p” — 1]|d(p™ - 1). Hence c(p™ — 1)|d(p™ - 1) and c|d. If d =2, then ¢ =
1 or 2. If ¢ =2, then

2p™ -2=p"-1, PTQ-p""" =1, p=1.

Thus ¢ =1 and n=m.

If d=4 we must have ¢ =1, 2 or 4, and we have seen above that ¢ = 2 leads

to a contradiction. If ¢ = 4, then
pm(4_pn-m)=3, p=3,m=1,n=2,

and it is easily checked that (F9)4 = F;.
Note. I would like to thank Armand Brumer who supplied the neat proof of this

lemma.

(3.7) Corollary. The symbols {1 + s, 1 + 1t} s € p/p'”‘, t € p”/p’“‘l generate
D(®, p"/p7*h),

Recall from (1.3) that D(®, p™/h?*!) is the subgroup of L(®, b"/b”*l) gen-
erated by all fu, 1 + ¢}, u € (A/nm+hy*, 1 e /8" Write u=CW1 +5), s €
p/p”*l, where { is of order ¢ — 1. Then if p is odd, 1 + s is a square by (3.5),
and if p =2, (:i is a square. In either case (1.1)(S6) implies

b, 1 +1b =141 + 141 +s, 1 + ¢}

and we must show {{?, 1 + t}= 1. Suppose 1+ ¢ is a square and let v €1 +
p?/p"*!1 2 _1 4 1. Then v has exponent p by (3.5) and {’ has order prime to
p. Hence {' and v generate a cyclic subgroup of (A/p"*!)* and {7, 1 +1}=1
by (1.1)(S7) and (S8). If 1 + ¢ is not a square, we must have p =2 and {' is a

square; a similar argument applied to (£)” and 1 + ¢ again yields {¢%, 1+ ¢}=1.
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(3.8) Lemma. If tk ® = 1, assume A/p # Fy. Then L(O, p7/p"*1) is gener-
ated by all

f1+uf’, 1 +up™, 1<i<n,

where u is a power of { and [ denotes the image of p in A/p"*!.
Moreover if ® # A, C,, orif ® = C, and p is odd, then these symbols are

trivial except possibly when i = 1.

We begin by proving that the additive group p™/p"*! is generated by all
tfﬁk, m < k < n, where & is an even power of { (resp. & is a fourth power of { if
A/b £ F9). By (3.6) this is true if m = n, for p?/p"*! is isomorphic to A/p. By
definition of ¢, p™~1/p"*! is generated by all vii*, m — 1 <k < n, where v is a
power of {. According to (3.6), v =a, +:--+a, modulo p/p™*! where the a, are
even (resp. fourth) powers of {. Therefore vk = al;'I'c doeeot a,ﬁ" + b for some
bep™/pmtl, by descending induction on m, b is of the desired form.

Our hypothesis on p assures us, by (2.5), that L(®, b"/b’”l) = D(®, b"/b"*l)

and is generated, according to (3.7), by all
—n 1
2 +s,1+&p"), se Wptl,

where {=b, +---+ b, is a sum of even (resp. fourth) powers of ¢, and a is any

¢ 2y

fixed long root. (The ‘‘resp.

Now if ® is nonsymplectic, there is a B € ® with (a, B) =1, where a is the

statements hold under the hypothesis A/p#£ F,.)

root occuring in (2). We now show that the same is true if ® = C, /> 2, and p is
odd. In that case 1 + s = (1 + s')? for some s' € j/p"*! by (3.5), and we have, by
(4) of §1 and (1.1)(S°3),

f1+s,1+ed, =t@ +s) 1 +1d,
_ -1 _ '
—f1+t,l+s}y—{l+s,l+t¥y

where y € ® is a short root such that (a, y) =2, (y, @) = 1. Replacing a by y
in (2), we are done.

Because (p/b™N(p7/p7+!) = 0, we may apply (2.9), (2.17), and the commuta-
tor identities of [14, (2.1)] to conclude

145, 1+ &R, = be_ (), x (€E™)
= be_ o), x b BN - ox (b g ™))
=[x _ (o), % b m LB (s), x (b, E™)]

(3)

_ —n -
=l+s, 1+b g™l .. -1l +s,1 +b Y,

which shows we may assume in (2) that £ itself is an even (resp. fourth) power of

¢ (and not just a sum of such powers).
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Conjugating
Has, 1+ &R, = l_ (), x, (€M)
by b, (%) yields

{1+s,1+ fﬁ"}a= [x_a(fs), xa(’ﬁn)]= {1+&s,1 +Tz"}a,
and L(®, p?/p"*!) is thus generated by all
(4) {1 +s,1+m",, sep/pr+l,

Now we may write s = ajl +---+ an;'[", where each @ is a sum of even

(resp. fourth) powers of {. Arguing as for (3) above, we have
f1+s, 1+, = le_ (), x (F™)
(5) =[x _ @), % (8 b @ 1), x (BT
=Hva g, L+ ol va 7" 1+
and a further argument of this type shows we may assume each a; is itself an

even (resp. fourth) power of {. We conclude, therefore, from (4) and (5) that
L(®, p"/p"*!) is generated by the symbols

© rap 1 +7, = be_ @i, x (FD), 1<i<n,

where a is an even (resp. fourth) power of (.

Now if @ is nonsymplectic, or if p is odd and ® = C), [ > 2, take 3 so that
(a, B) =1 and let v be a power of ¢ such that vi—a. If ®-= Al’ or if p=2
and ® = C), [>2, take B =a and let v be a power of ¢ such that v* = a (these
choices are possible by our hypotheses and the previous discussion). Conjugating
(6) by l;ﬁ(v) yields

~

b (v) ;
f1+ag’, 1+, k_ @ih), x (5]
=[x_ (uﬁl), x (u'ﬁn)] =l +up’, 1+ u’ﬁn}a
@B isa power of { as desired.
Finally if @ #£ A » C,5 or if () C, and p is odd, it follows from (2.9) and
(2.17) that for 1> 1,

where u=v

1w’ 1+ ui™ = b_ ), x g™ = 1.

(3.9) Lemma. For every u € A* andall n> 1,

—k
1+ uuk)pn =1 +up” Fpk  podpmtl, 2 <k<n

If p£2, this congruence holds for k =1 as well,

If k=n the congruence is clearly true, and we will prove the remaining cases

by induction on (n — &, n + 1) (lexicographically ordered).
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Our induction hypothesis implies

k-1
a1+ u#k)p" =1 +up” k- 1uk mod W7

and, therefore, for some s € p"/p""‘,

-k-1
a +u,uk)pn =1 +up” Rl ps

=1 +up® R 1ukyQ +5) mod prt!
since syk =0.
Thus modulo b"*l we have
n-k -k-1
L+ apbP™ 7" = (14 gty
= (1+ ap™ k= 1uk)(1 4 s)P

=1 + upn-k—l#k)p

4 .
=14 upn—k#k+ Z (P) (upn-k-lﬂk)z
i=2 Vi
since 1 + p"/p"*! has exponent p by (3.5), and it suffices to show

(f) pﬂi—ki—i#kig 0 modpn+l
for 2 <i<p.
According to (3.5), }3,“‘/¥3"“1 has additive exponent p"—ki+1. Since (?) is
divisible by p if 2<i<p — 1, we must have
ni—ki-i+1>n-ki+l, 2<i<p-1,
np—kp—-p>n—kp+1.
That is, we must have
i>n/(n-1), 2<i<p-1,
p>(n+ 1) (n-1).
These identities are satisfied except when n =1 (in which case the lemma is triv-
ial) and when p=2,7n=2.
This completes the proof when p is odd. If p = 2, the lemma holds for n =2,
k =2 and hence by induction for all (n, ) with »> 2, k> 2. The cases (n, 1),

n > 1 are true exceptions.

(3.10) Theorem. Let A be a local ring whose residue field is a finite field
with q = p° elements and whose maximal ideal Y is principal, gencrated by p =
p» the image of p in A. If tk ® =1, assume that A/p £ K. Then forall n>0
and all odd primes p, L(®, A/p"*1) = 1. Moreover, if p = 2, the groups
L(®, A/p™*Y) and L(®, A/p™) are isomorphic for all n > 2 and are generated by
the 25 — 1 symbols {1 + (', 1+ ¢l 1<i<2% =1, where { € (A/p™*1)* has
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order 2° — 1 and maps to a generator of A/Y. Each of these symbols has order
at most 2.

Since p = I generates }/p"*! (we identify § € A with its image in
A/p7*1), (3.9) implies, for p odd, that

1+ 147" =14 Il[?n-il_[i= {1+ uﬁi)pn_
and it follows from (3.8) that L(®, p"/p™*!) is generated by all

. . -1
7 {1+ ur?, 1+ uﬁ’)"" f, 1<i<n,

where « is a power of {. Since p is odd, (3.5) implies that 1 + uﬁi is a square,
and . .
. . n—-1 . . n-—-1
{1+ apt, A+ ') d =11+ ug?, 1+ apt? =1

by (1.1)(S6), (S7) and (S8). The first part of the theorem now follows by induction

on n from (3.2) and the exact sequence
® 1 — L@, /1) — L(A/p 1) — L(A/p") — 1.

Suppose, then, that p = 2. The above argument still applies if 2 < i< n, and

we conclude that .
. . . n-1i
1+ up, 14 up™ =41+ uf’, 1+ uph)? }=1

solongas 2<i<n and (1 + uﬁi)zn-i is a square; that is, when n — i > 1. Thus
these symbols are trivial whenever n> 7+ 1 >3 and > 2.
If =1, it follows from the argument of (3.8) that we may assume u = ¢k s

an even power of {. Then, since we may take i =2, we have
{1 + é’Zk—’ 1+ Cka'.n§ - b-a(<2kﬁ )’ xa(CZkiIn)]
x_ (-yp (k) _ _
(9) - -a a [x_a(é'Zk#)’ xa(¢2k#")]

x  (=p)

= 7% D (@), x (R = L (CHRE™), x_ (- )]

2
,-1"1=

31 + €4kﬁn, 1 - F;—l - {(1 + ¢4k“72)2n-
if »—2>1; that is if » > 3. Thus we have shown that L(®, p”?/p"*!) = 1 for all
n> 3.

Finally suppose n = 2, and continue to take I = 2. Then the characteristic
of A/n3 is 8, and for any u € A¥*,

It

{1+ 4u, 1+ 4ud = Lx_ (4u), x,(4u))
(10) w (1)

w (

= % Ix_ (u), x (4] = Ix (4u), x_ 4)) = {1 + 4u, 1 + 4u}™1,
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Thus {1 + 4u, 1 + 4u}? =1 for any u € A* Now L(®, p2/p3) is generated by the
symbols {1 + 4u, 1 + 4ul, {1 + 24, 1 + 4u}. But
an {1+ du, 1+ 4ud = [x_(4u), x (du)]

= Lf_a(Zu), xa(4u)]2 ={1 + 2u, 1 + 4u}?
and we may take the symbols {1 + 2u, 1 + 4ul, u = ¢k, as generators. But (9),
(10), (11) then imply

{1+ 2025, 1+ 4024 = {1 + 4%k, — 1}-!
{1+ 400, 1+ 4L4R1 T S {1 4 44k 1 4 404K
= [e_,(4¢*8), x,(4248)) = Lx _,(2¢*R), x (44 *#))?

=41+ 280k, 1+ 4042 < 1 4 408k - 132 =1,
(Note that the last 3 lines of this computation follow from (9) by substituting 2k
for k.)

Thus by (8), L(®, A/p"*!) & L(®, A/p™ forall n>2 as stated. If n=1,
then (8) and (3.2) imply L(®, A/p?) = L(®, p/p?) is generated by the symbols
{1 + 4T, 1 + 4T} where u=(% 1<i<2°- 1. Since the characteristic of A/H?2
is 4, an argument similar to (10) shows that each of these symbols has order at

most 2.

(3.11) Corollary. Under the hypothesis of (3.10) assume further that Y is nil-
potent. Then if p is odd, L(®, A) = 1, and if p =2, L(®, A) is generated by the
25 _ 1 symbols {1 + (g, 1+ {'Eh 1 <i<2% — 1, which have order at most 2.

The corollary follows from the theorem, since if ptl 0, A/pnt! 2 A,

(3.12) Corollary. Let O be the ring of integers in an algebraic number field
and let 0 £ b C9 be a prime ideal which is unramified over pL = p N L. If tk ®
=1, assume that /0 # Fy. Then if p is odd, L(®, 9/p™*) =1 forall n> 0.
Moreover, if p =2, the groups L(®, D /p"*1) are isomorphic for all n> 1 and are
generated by the 25 — 1 symbols {1 + 2%, 1 +2{ '}, 1 <i<2° -1, where |9/p| =
25 and ¢ € (Q/p"*V)* bas order 25 — 1 and maps to a generator of (D/p)*. These
symbols have order at most 2.

This follows from (3.11) with A = 9/p"+!,
Note. For the groups of type A, [ > 2, this corollary is due to Christofides

[21.

4. Stability for H,(E(®, A), Z). Throughout this section, A denotes a local
ring with maximal ideal p. We set k= A/}, but do not assume that k is finite or
that P is principal, as in $3.

We fix an /> 1 (depending on ® and A) such that L(®, A) = HZ(E'((I)[, A), 7)
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and write ® = ® . It follows from [14, Theorem 5.3] that for a given A and ®
there is an [ > 1 such that every > [, satisfies this condition, and it is clear
that /| depends only on ® and A/rad A = k.

We abbreviate the functors St (Al’ ) and L(AI, ) by Stl( ) and Ll( ) and we
write Hi(G) for the homology groups Hi(G, Z) of the group G, i =1, 2. Recall that
the functor E(Al’ ) is SLZ( ).

(4.1) Theorem. H,(SL,(A)) — H,(E(®, A)) is surjective whenever |k| > 4.
Apply the homology spectral sequence [6] to the diagram of group extensions
1— L (A) —St,(A) = SL,(A) —1

l l l
1 — L(®, A) —St(®, A) — E@®, 4) —1

to obtain the following commutative diagram with exact rows:

H,(SL,(A) & L (A) —St,(4)® — SL,(a)® — 0

l l
(1 H,(E@®, A)) 3 L(®, A)
l

1
The surjectivity of L (A) — L(®, A) is a consequence of (2.13). If |k| > 4, there
exists u € A* with u> — 1 € A* and by [14, (4.4)}, St, (4)*® = 0. Thus the theorem
follows from (1).

We shall require the following unpublished result of Bass.
(4.2) Lemma. Let q C A be the ideal generated by all u® — 1, u € A*. If k =

F,, assume that Y is principal, generated by p. Then St (A)2b » St, (A/q)2b

and both groups are quotients of A/q. Moreover, ¢ = A except in the following

cases:
k= F31 q= p, A/q'_‘ F}:
k=F2’ IJ.A:ZA, q: 8A, A/q: Z/Z"Z, n=1,2073,
k= Fzr 2¢€ P-ZA» q= #ZA’ A/q= FZ[X]/(XZ)'
Denote the image in St, (A)*® of g €St,(A) by [gl, and set (t) = [x ()]
for ¢t € A. It follows from relation (R1) that ¢ + (t) is a homomorphism A -

St, (4)*®. By relation (R3)

a’a(u)x_a(t)ﬂza(— u)=x,(- ult), ué€ A*,

we have [x_ a(t)] = (- uzt); hence ¢ - (1) is surjective. Moreover by (RG)

Lh @), x, (D) = xg(@? - 1))
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and therefore (t) =0 for t € q. This proves that St, (A)?® is a quotient of A/q
and that St | (q) C[St, (), St, (A)). Hence there is a surjective homomorphism
St,(A/q) — St, (A)*® which factors through St, (4, 4)*; the projection St, (4)2®
— St, (A/q)® is an inverse to this induced homomorphism.
Now let us determine the ideal ¢. Since A is local, ¢ = A if and only if |kl
>4. If k=F,, we have A* ={l + x, x — 1, x € p}. Hence if u € A¥, 4* -1 =
x(2 + x) or x(x - 2) for some x € P; since 2 +x,2 — x € A*, this proves ¢ = .
If k=F,, write 24 = u®A with e =~ if 24 = 0. If ¢ =1 we may assume p =
2,and (1 +2x)? -1 = 4x + 4x% = 0 mod 8A. Taking x = 1, we see that ¢ = 84
and, therefore, that A/q & 2/2"7, n=1,2 or 3. If ¢> 1, write 2 = pv, v € A*,
Then

e+

M+ p)?=1=2pu+p?=vp®tt 4 p? = p?(1 + op® ).
p

Since 1 +vp®~! €A%, q=p’A and A/q = FZ[X]/(XZ) as desired.

(4.3) Theorem. The map
H,(SL,(A)) — H,(E(®, A)).
is surjective if k ~ F;.
I suffices, by (1), to show that L, (A) — St (A)2® is 0, and this map factors,

by (4.2), as
L(A)  — St (aA)y®

l L
L,(A/q)— St (A/ q)™®
But L,(A4/q) = L,(F,)=1 by (3.2).

(4.4) Lemma. Let {u, v} € LI(A)' Then u, vl = 3z = D - 1)) in
St, (A)2®. Moreover, {u, v} lies in the image of H,(SL,(A)) if and only if {u, vi]
= I.

Since [x_ a(t)] = (- uzt) (cf. the proof of (4.2)), taking ¢ = — u~ 1, we have
[x_a(— =] = (). Hence [ﬁla(u)] = [xa(u)x_ a('" u~ I)xa(u)] = (3u) and [i;a(u)] =
(@, (- DI = (3(u - 1)), Finally,

U, 0] = [5a(u1')5a(u)' l1‘;0.(1))'1]
= -1)=3u=-1)=3w-1))=3w-1-u+1=-v+1)=Bu-1@-1)).

Now consider the commutative diagram

1 — L (A)———— St,(4)— SL,(A) ——1

l l l
2) 1 — L (A)/$(H,(SL,(A)) — St (4)® — SL,(A)* ——1
! l l

1 1 1
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Its columns and top row are clearly exact. Since the bottom row is obtained by
factoring out the image of H2(SL2 (A)) from the top row of (1), it too is exact. The

second part of the lemma follows easily from (2).

(4.5) Proposition. The map Hy(SL(2/2"Z)) — L,(Z/2"Z) is surjective for
n=1,2 but not for n> 3. Therefore the map

H,(SL(Z/41)) — H,(E(®, Z/41))

is surjective.

It is clear from (1) that the second statement is implied by the first. For n =
1, the first assertion is trivial since LI(Z/ZZ) =1 by (3.2). Now LI(Z/4Z) is
generated by the symbol {1, — 1} whose image in St,(Z/4Z)*" is
(3(-1-1)=1-1)) = 1. This completes the proof for » =2 by (4.4).

Now suppose 7 > 3. According to (4.2), St, (Z/2"7)*® ~ St, (Z/8Z)2® for

all n > 3; thus (1) implies that
¢b: HZ(SLz(Z/Z"Z)) — LI(Z/Z"Z)

is surjective for n = 3 if and only if ¢ is surjective for all n > 3.

Suppose that this is the case. Then from (1) we have
St,(Z/2"Ly = SL,(Z/2"L)*
for all » > 3, and the same must be true for the 2-adic integers
St (Z,)® 2 SL(Z,).

Hence HZ(SL2 (iz)) — Ll(iz) — Loc(iz) = Kz(iz) is surjective by (1) and (2.13).

Dualizing, we have
Hom(H,(SL,(Z,)), Q/7) RH*(SL(Z,),Q/Z)
by the universal coefficient theorem (7, p. 771. But HZ(SL2 (22), Qéz) =0 [1,

Proposition 2]. Therefore if ¢ is surjective, we conclude that KZ(ZZ) =0; in
particular {- 1, - 1} =0 in K,(Q,). But it follows from results of Moore [10] and
Matsumoto [8] that {~ 1, - 11 £ 0 in K,(Q,), whence the proposition.

(4.6) Corollary. The symbol {- 1, - 1} is nontrivial in L (Z/4Z).

Since {- 1, - 1} generates LI(Z/4Z), if it is 1 we conclude from (3.1) that
L,(Z/8Z) =~ L,(4Z/8Z) is generated by the symbols {1 + 4a, 1 + 2b}, a, b € Z.
But in St, (Z/82)*°, [{1 + 4a, 1 + 2b}] = (3(4a)(2b)) = 0, which implies that
H,(SL, (Z/8Z)) — L (Z/8Z) is surjective by (4.4). This contradicts (4.5).

Note. Despite (4.6), we cannot conclude that {-= 1, - 1} £0 in KZ(Z/4Z)
since K,(Z/4Z) is a quotient of L (Z/4Z) by (2.13).



190 M. R. STEIN

Added in proof. Much more extensive information on the functor K, =lim,  L(4,)
has been obtained since this paper was written. Dennis ([20], [21]) has proved the
conjecture of the Introduction, showing that when ® is of type A, the maps

6(1, m) are surjective for all m > 1> d + 3, where d is the dimension of the maximal
ideal space of A.

The results concerning Kz of a semilocal ring (Theorem 2.13) have been
completed by Stein and Dennis [24]. They have also proved ([22], [23]) that for
nonsymplectic ®, the maps 6(/, m) are injective (and hence isomorphisms) when
A is a discrete valuation ring or a quotient thereof, and they have given a presen-
tation of the K, of such a ring. These papers also compute K, of a ring of alge-
braic integers modulo any nonzero ideal, generalizing the results of $3. Among

the consequences of this computation is the nontriviality of the symbol {-1, — 1}

€ KZ(Z/4Z) (see the Note at the end of $4).
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